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Abstract .  The l i n e a r  theory of growing longi tudina l  plasma o s c i l l a t i o n s  i s  

reviewed here because of i t s  importance i n  explaining ionospheric, i n t e r -  

planetary,  and solar phenomena. 3ispersion r e l a t i o n s  a re  derived f o r  such 

o s c i l l a t i o n s  i n  cold and warm co l l i s ion le s s  plasmas assumed t o  be homo- 

geneous i n  space. 

out  and with an ex terna l  magnetic f i e l d ,  

i s  discussed, and f i n a l l y  the  natural  phenomena are  described which today 

a r e  a t t r i b u t e d  t o  t h i s  type of plasma i n s t a b i l i t y .  

k \  
k. 

Several veloci ty  d i s t r ibu t ions  a r e  considered both with- 

The phys ica l  mechanism of growth 

&th 0 E  



1. Introduction 

This review i s  concerned with the  growth of small-amplitude longi tudina l  

o s c i l l a t i o n s  i n  plasmas and with the occurrence of such plasma i n s t a b i l i t i e s  

i n  space. 

much research i n  plasma theory,  there i s  now an increasing awareness of t he  

relevance of t h i s  theory t o  plasmas i n  the  upper atmosphere of t h e  ea r th  

and i n  in te rp lane tary  space f o r  which new appl ica t ions  of laboratory plasma 

models a re  being discovered. 

Although nuclear fusion F ro jec t s  have provided the  st imulus f o r  

Unstable longi tudina l  o s c i l l a t i o n s  were f i rs t  detected i n  two cold 

streams of charged p a r t i c l e s  moving a t  d i f f e ren t  v e l o c i t i e s  (PIERCE, 1948; 

HAEFF, 1949). 

has since been used i n  a more general sense, appl ied t o  multistream i n t e r -  

ac t ions  and t o  the  i n s t a b i l i t y  which a p p e a s  when the  e lec t rons  i n  a 

plasma have a ne t  d r i f t  r e l a t i v e  t o  t he  ions.  

i s  a l s o  used i n  the  l a t t e r  case. 

This was  ca l l ed  the "two-stream i n s t a b i l i t y "  and the  term 

The term "drift i n s t a b i l i t y "  

I n  Section 2 of t h i s  review dispers ion r e l a t i o n s  a re  derived by l i n e a r  

theory fo r  longi tudina l  o sc i l l a t ions  i n  cold and w a r m  homogeneous co l l i s ion -  

l e s s  plasmas. I n  Section 3 t h e  solutions of t h e  dispers ion r e l a t i o n s  are 

obtained f o r  var ious plasma configurations, and t h e  attempts which have 

been made t o  remove some of the  r e s t r i c t i o n s  of t h e  theory a re  discussed. 

The physical  mechanisms causing the i n s t a b i l i t i e s  a re  described i n  Section 4, 

and the  i n t e r p r e t a t i o n  of phenomena such as so la r  radio noise i n  terms of 

plasma o s c i l l a t i o n s  i s  presented i n  Section 5 which i s  intended t o  provide 

examples r a the r  than a comprehensive summary. 
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2. Derivation of the Dispersion Relations 

Two approaches may be used t o  examine longi tudina l  o s c i l l a t i o n s  i n  plasmas. 

The f i r s t  i s  based on the hydromagnetic equations which describe the  conser- 

va t ion  of densi ty ,  momentum, and energy, while t he  second i s  the  k i n e t i c  

approach, based on t h e  Boltzmann equation f o r  each species  of p a r t i c l e .  

Maxwell's equations connect the electromagnetic f i e l d  components t o  t h e  

charge and current  dens i t ies ,  but for s tudies  of  longi tudina l  o s c i l l a t i o n s  

it i s  of ten  s u f f i c i e n t  t o  use Poisson 's  equation. For zero-temperature 

plasmas both theo r i e s  give the  same r e s u l t ,  but  f o r  plasmas possessing 

f i n i t e  temperatures a k i n e t i c  analysis  must be used i n  order t o  take 

account of Landau damping. 

longi tudina l  o s c i l l a t i o n s  i n  a co l l i s ion le s s  plasma are  damped. This 

phenomenon i s  discussed fu r the r  i n  Section 4. 

LANDAU (1946) has shown t h a t  small-amplitude 

We solve here the  i n i t i a l  value problem f o r  the behavior of a 

nonsingular plasma system perturbed a t  t = 0, using t h e  Laplace t rans-  

form technique according t o  UNi3AU. 

i n  terms of normal modes, and CASE (1959) and BACKUS (1960) performed 

comparative s tud ies  of the  two methods. Both give the  same r e s u l t s  f o r  s t ab le  

plasmas, but  according t o  BACKUS a normal mode ana lys i s  may l e a d  t o  incor rec t  

r e s u l t s  f o r  unstable  plasmas. 

VAN W E N  (1955) t r e a t e d  t h e  problem 

I n  t h i s  sect ion,  dispers ion r e l a t i o n s  a re  derived f o r  small-amplitude 

longi tudina l  o s c i l l a t i o n s  i n  a cold plasma, a warm plasma, and a plasma i n  

an ex terna l ly  produced magnetic f i e l d ;  t he  plasma i s  assumed t o  be co l l i s ion -  

l e s s  and homogeneous i n  space. 

the  equations describing t h e  f luc tua t ions  and are  therefore  s u f f i c i e n t  t o  

determine whether t he  plasma i s  unstable,  but  i n s u f f i c i e n t  t o  describe the  

f i n a l  s t a t e  of the  plasma. 

The r e s u l t s  a re  obtained by l i n e a r i z a t i o n  of 
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2 . 1  Dispersion r e l a t i o n  f o r  cold streams 

W e  consider f i rs t  a plasma consis t ing of n streams such t h a t  each stream 

contains  only one species o f  p a r t i c l e ,  and t h a t  p a r t i c l e s  move only with 

the  ve loc i ty  of t h e  stream and have no thermal motion. 

no c o l l i s i o n s  occur and t h a t  t h e  only forces  ac t ing  on the  p a r t i c l e s  are  

i n t e r n a l  electromagnetic. 

momentum f o r  each stream are  

It i s  assumed t h a t  

The equations of conservation of densi ty  and 

an & + V  * ( n . 2 . )  = o 
J J  

where u n q .  and m are t h e  stream ve loc i ty  and density and the  

p a r t i c l e  charge and mass, respecti.rely. 

f i e l d  and magnetic induction which s a t i s f y  Maxwell's equations 

-3' 3 '  J j 

E and - B a r e  the  i n t e r n a l  e l e c t r i c  

v - E = 4Ttp 

where 
n 

p =Y qjnj  
L 
j =1 

(2.3) 

(2.4) 

(2.5) 

- j =l qjnjuj  . 
j =1 
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The plasma i s  assumed t o  be s l i gh t ly  perturbed from i t s  zero-order 

configurat ion i n  which % B E 0, and p E 0. If j # 0, the  magnetic 

f i e l d  produced by Jo is neglected. 

-0 0 % 

Subs t i tu t ing  

n = n + njl (L, t )  
j j o  

i n t o  equations (2.1) and ( 2 . 2 ) ,  and l inea r i z ing  by including only f irst-  

order terms i n  t h e  perturbed quant i t ies ,  we obtain 

(2 .9)  

(2.10) 

Next we take Fourier-Laplace transforms i n  space and time 

where /F(r , t )  [ < EMeYt 1 
and (2.10) 

and h ( w )  > y ,  and obtain from equations (2 .9)  

(2.11) 



, 

and 

* 
& -JO 

* * 
where n and u a re  the  Fourier transforms of n (g,t = 0) and 3 1  -jl 3 1  * * 
u ( r , t  = 0) ,  respect ively.  Define E and B s imi la r ly .  - j l  - -1 -1 

The Fourier-Laplace transforms of Maxwell's equations (2 .3)  t o  (2 .6)  

a r e  
, 

A A 

4Tl ;i - - 1 (kgl + E *) 
-1 i k X B  = -  - -1 c -1 c 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

When no ex terna l  magnetic f i e l d  i s  present  (B -0 = 0 ) ,  a consis tent  

so lu t ion  of equations (2.11) t o  (2.16) can be found f o r  which -1 B = 0 and 

E i s  p a r a l l e l  t o  &. -1 

Combination of equations ( 2 . 7 ) ,  (2.12), and (2.13) gives the  e l e c t r i c  f i e l d  

This solution represents  pure longi tudina l  o s c i l l a t i o n s .  

fo r  t h i s  so lu t ion  
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where the  plasma frequency of a stream w i s  defined by 
p j  

Now 

(2.18) 

where t h e  contour C passes above a l l  s i n g u l a r i t i e s  i n  the  complex w-plane 

(Im(w) > Y). 

with a semicircle i n  the  lower half of t he  w-plane. 

be expressed as the  sum of the  residues a t  t h e  poles  of the  integrand, each 

pole  of E(k,w) contr ibut ing a solut ion e . Poles below the  r e a l  w-axis 

correspond t o  damped solut ions,  and poles  above the r e a l  ax i s  t o  growing 

so lu t ions .  

def ines  i t s  ana ly t ic  continuation f o r  I m ( w )  5 y .  

This i n t e g r a l  can be evaluated by closure of t h e  contour 

The i n t e g r a l  may then 

- b a t  - -  

Although E(k,w) was defined only f o r  I m ( w )  > y, equation (2.17) 

For nonsingular i n i t i a l  
* * 

and u per turba t ions  n t h e  poles of E(&,w) a re  given by 
j l  -jl 

2 

H(k,w) - G 1 -I+ 2 = 0 .  (2.19) 
* u  - w )  2 -  -jo 

This i s  the  dispers ion r e l a t i o n ;  it i s  examined f o r  growing so lu t ions  i n  

Section 3.1. 

2.2 Dispersion r e l a t i o n  f o r  warm streams 

We next consider streams of plasma i n  which the  p a r t i c l e s  have a ve loc i ty  

spread about t h e  mean stream ve loc i ty .  

be zero.  

The ex terna l  f i e l d s  a re  assumed t o  

It i s  now necessary t o  use t h e  Boltzmann equation r a the r  than t h e  
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hydromagnetic equations. 

of t h e  5 th  stream i n  phase space. 

usually ca l l ed  the  Vlasov equation, is  

Let f . ( r , v , t )  be the  number densi ty  o f  p a r t i c l e s  
J - -  

The c o l l i s i o n l e s s  Boltzmann equation, 

The charge and current dens i t i e s  i n  terms of f a re  

(2.20) 

(2.21) 

and t h e  components of t he  electromagnetic f i e l d  s a t i s f y  Maxwell's equations 

(2.3) t o  (2.6). 

a r e  poss ib le ,  and we may therefore s e t  0 and use Poisson 's  equaticn 

A s  i n  the  preceding sect ion,  pure longi tudina l  o s c i l l a t i o n s  

(2 .3)  for  the  e l e c t r i c  f i e l d .  

Consider a s m a l l  departure from equilibrium 

f.(g,v,t) = f. (I) + f .  J1 ( r , v , t ) .  - - 
J JO 

If only f i r s t -o rde r  terms a r e  re ta ined,  equation (2.20) becomes 

Taking Fourier-Laplace transforms i n  space and time we obtain 

!dE . > + f  af * 
mi-l bv - 5 1  

(2.22) 



and combination of equations (2.13), (2.21), and (2.22) gives 

-1 E (If,w) = 
J I & *  (2.23) 

J L J 

E(k,t) may now be found by inverse Laplace transformation and the residue 

theorem. 

of equation (2.23). 

- E(k,w) and therefore solutions e 

We define E(k,w) f o r  I m ( w )  5 y to be the analytical continuation 

The dispersion relation, which gives the poles of 
-bat , is 

J J  

(2.24) 

to - k. Then 

where 

For Im(w) > 0 the contour C lies along the real u-axis from --co to 00. For 

Im(w) i 0 the contour C passes below the pole of the integrand at 

u = w/k, and the integral is thus continuous in the w-plane. This 
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presc r ip t ion  f o r  t he  ana ly t ic  continuation c f  [.* was introduced 
J 

by LUWJ (1946). 

We now evaluate H ( k , w )  for some simple d i s t r ibu t ion  functions 

1 
2 2 

n 
a)  g(u> =ywpj * A  T[ 

L-r' (u  - U j )  + A j  
J 

This i s  a sum of one-dimensional Cauchy resonance d i s t r ibu t ions ,  each 

d i s t r i b u t i o n  having a mean veloci ty  U and a mean thermal speedA . The 

d i s t r i b u t i o n  i s  "unphysical" i n  the sense t h a t  t h e  k i n e t i c  enerfg associated 

with it i s  i n f i n i t e .  

j 3 

From (2.25)  we obtliin by e lemen ta ry  iz tegrat . inn 

3 

This i s  a three-dimensional Cauchy resonance d i s t r i b u t i o n  with mean ve loc i ty  

U .  and mean thermal speed A . The k i n e t i c  energy assoc ia ted  with it i s  

f i n i t e .  
-J 3 

From (2.25) we obtain by elementary in t eg ra t ion  

(w - k - -J U .  + 3ikA.) 
= 0. (2.27) 2 

H(&,w) = 1 - r w p j  (w - k . U .  + i kn . )  3 
-J J u - J 



10 

This is a three-dimensional displaced Maxwellian distribution with a mean 

velocity U The mean thermal speed is 
-j * 

-112 oj = @Yj) ¶ 

and the temperature T of the distribution is 
j 

where K is Boltzmann's constant. For this distribution the dispersion 

relation from (2.25) is 

where 

J J 

(2.28) 

and 

The function Z(<) and its first derivative are tabulated by FRIED and 

CONTE (1961). 

2.3 Magnetized plasma 

In this section a plasma in a uniform, external magnetic field B 

examined. Since the analysis takes the same form as that in the 

is 
-0 



preceding sec t ion  but  i s  a lgebra ica l ly  more complicated, only an  out l ine  

i s  presented. 

The bas ic  equations are Maxwell's equations (2.3)  t o  (2.6) and the  

Vlasov equation (2.20). For a small departure from equilibrium 

t h e  zero-order Vlasov equation becomes 

af . 
( v x  BJ * *e = 0 ,  - 

11 

while t h e  f i r s t - o r d e r  equation i s  

Let i s  taken along the 

z-axis.  I n  cy l ind r i ca l  coordinates = (v,,cp,vZ), where v, = v + v 

and t a n  cp = vy/vx. Then equation (2.29) is s a t i s f i e d  by 

= (v ,v ,v ) i n  Cartesian coordinates where B 
X Y Z  -0 

2 
- X Y 

Equation (2.30) may be reduced by Fourier-Laplace transformation t o  

an ordinary d i f f e r e n t i a l  equation f o r  f l ( & , v , w ) ,  i n  which t h e  only 

der iva t ive  of f 

be subs t i t u t ed  into Maxwell's equations (2.13) t o  (2.16), and an equation 

t o  appear i s  dfl/a(P. The so lu t ion  of t h i s  equation may 
1 

obtained f o r  E ( k , w ) .  

BERNSTEIN (1958) f o r  a s ta t ionary  Maxwellian plasma, and by HARRIS (1961) 

This analysis  has been performed i n  d e t a i l  by 

f o r  any f sa t i s fy ing  equation (2.31). I n  general ,  longi tudina l  modes 
30 
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(E p a r a l l e l  t o  k, Ij1 E 0) 

- k)  cannot be propagated independently i n  a magnetized plasma unless  & i s  

p a r a l l e l  t o  go. 
if w/kc << 1 and vt/c << 1, where v 

these  assumptions the  general  dispersion r e l a t i o n  f o r  longi tudina l  

and transverse modes (E B perpendicular t o  -1 -13 -1 

However t h e  coupling between t h e  modes may be neglected 

i s  a mean thermal ve loc i ty .  Under t 

o s c i l l a t i o n s  with wave-vector & i n  t h e  x-z p l a r e  i s  

For a d i s t r i b u t i o n  funct ion of the  form 

which i s  a displaced Maxwellian, represent ing a stream with mean ve loc i ty  

U . p a r a l l e l  t o  t he  magnetic f i e l d ,  t he  dispers ion r e l a t i o n  (2.32) may be 

reduced t o  
J 

2 [l + i y .  I(y.)] = 0 , 
J J 

(2.34) 
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where 

(2.35) 

and 

w - k U .  - Z J  - 
'j I W C j  I 

The m c t i o n  I ( y )  i s  known as the  Gordeyev i n t e g r a l  (GORDEYEV, 1952). 

For the  general  case 

HARRIS reduces (2.32) t o  the form 

(-w + k v  + n w  \- + k z e ( - m  + k v  + T ; W  I='* 
c j  z z  c j '  z z z  

(2.36) 

This form enables one t o  deduce r ead i ly  t h e  dispers ion r e l a t i o n  for 

longi tudina l  o s c i l l a t i o n s  i n  cold magnetized streams. 

3. Unstable Longitudinal Osc i l la t ions  

3.1 I n s t a b i l i t y  i n  cold streams 

The dispersion r e l a t i o n  given by equation (2.19)  has been appl ied t o  such 

systems as two e lec t ron  streams i n  r e l a t i v e  motion passing through a 
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s t a t iona ry  pos i t i ve  background, an e lec t ron  stream passing through an ion  

stream, and two co l l id ing  neu t r a l  plasmas f o r  which the  in t e rac t ion  of four  

spec ies  of p a r t i c l e s  has t o  be considered. 

Both PIERCE (1948) and HAEFF (1949) observed f luc tua t ions  of long 

e l ec t ron  beams i n  e l ec t ron ic  devices and in t e rp re t ed  them i n  terms of space- 

charge waves, thereby introducing the  two-stream i n s t a b i l i t y .  PIERCE de- 

r i v e d  the  dispers ion r e l a t i o n  f o r  an e lec t ron  stream t r ave l ing  through a 

gas of cold ions 

where it i s  assumed t h a t  the  wave-vector & i s  p a r a l l e l  t o  t h e  e lec t ron  

stream ve loc i ty  u . The solut ion f o r  t he  wave-vector 
0 

shows t h a t  f o r  w < w 

ve loc i ty  equal t o  t h e  e lec t ron  stream ve loc i ty  and having amplitudes 

which a re  damped and gmwing i n  space, respec t ive ly .  

there  a r e  two types of wave, each having phase 
P i  

HAEFF derived the  general  dispersion r e l a t i o n  (2.19) f o r  a multi-  

stream system, and applied h i s  r e su l t  t o  a s ing le  e l ec t ron  stream, i n  which 

the  o s c i l l a t i o n s  a r e  ne i ther  damped nor growing. He a l so  considered a 

two-stream system f o r  which w 

h i s  r e s u l t s .  

= w but  an algebraic  e r ro r  inva l ida tes  
P l  P2’ 

The growth r a t e  i n  time of longi tudinal  o s c i l l a t i o n s  i n  an e l ec t ron  

stream t r ave l ing  through a uniform ion  background has been evaluated by 



i o  
BlTNEMAN (1958). 

when 6 = n/3,  and 9 takes  t h i s  value when the  resonance condition ku 

i s  s a t i s f i e d .  The maximum r a t e  of growth i s  thus 

If w = ILI le , the maximum r a t e  of growth i n  time occurs 

= w  
0 pe 

-1 For a proton background the  shortest  e-folc?ing time i s  1 8 ~  

p a r t i c l e  background such t h a t  m 

1.16~ 

having wavelengths greater  than 

. For a 
pe 

= m 1 2  the  e-folding time would be 

-1 . BERNSTEIN and TREHAN (1960) point  out t h a t  a l l  per turbat ions 
pe 

U 

W 

a re  unstable .  

may tend  t o  destroy the  e lec t ron  and ion drifts caused by an ex te rna l  e l e c t r i c  

f i e l d ,  and may thus provide an e l e c t r i c a l  r e s i s t i v i t y  mechanism i n  t i  

BUNEMAN suggested tha t  these  growing longi tudina l  o s c i l l a t i o n s  

c o l l i s i o n l e s s  plasma. 

The c o l l i s i o n  of two iden t i ca l  neu t r a l  plasma clouds moving with 

v e l o c i t i e s  +-uo has been analyzed by KAHN (1957, 1958). 

of t h e  two s e t s  of e lec t rons  i s  converted i n t o  longi tudina l  o s c i l l a t i o n s  

The r e l a t i v e  motion 

1 .  U 

within a dis tance A N - , and subsequently t h e  two s e t s  of  ions,  moving 
'me . r -  

through t h e  s ta t ionary  e lec t rons  with v e l o c i t i e s  fu0, 

e lec t rons  t o  cause addi t iona l  longi tudinal  o s c i l l a t i o n s .  

dispers ion r e l a t i o n  

i n t e r a c t  with t h e  

The appropriate  

2 2 2 

(w/kI2 (U/k - Uo) (w/k + uo) 

w p i  
2 

k =  2 + w p i  + 
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has complex roo t s  f o r  w 

turbance with wavelength h > Amin, where 

with h ( w )  > 0 when k < kmax. Thus any dis- 

i s  amplified, and the  counterstreaming ion configurat ion becomes unstable 

wi th in  a dis tance Amin. 

PARKER (1958) a l so  showed t h a t  upon t h e  c o l l i s i o n  of two counter- 

streaming plasma 

plasma per iods w 

uniform s t a t i c  e lec t ron  gas of density 2n 

ions.  PARKER wri tes  the  dispersion r e l a t i o n  as 

clouds the  electrons a re  a r r e s t e d  within a few e lec t ron  

-1 , while the  ions move on. The e lec t rons  then form a 
Pe 

which i s  per turbed by the  
0 

2 2  where E = m /mi, and shows t h a t  complex roo t s  f o r  w e x i s t  when k uo 5 2W '. 
e Pe 

If E <<1 and k2u02 < 1.6~ 2, t h e  unstable  roo t s  may be expressed as 
Pe 

+ O ( d  2 1/2 
0 

1 2 2  w = f kuo + 
21/2(1 - k uo /2wpe 

giving a 

ve loc i ty  

1/22-1/2(1 - k 2 2  uo /2w 2)-1'2]. The 
Pe growth rate of exp h 0 t E  L 

amplitude of t he  electron o s c i l l a t i o n  i s  l a r g e r  than t h a t  of t h e  

and the  e lec t rons  a re  E 

2, 
2 2  i 2 0  - k uo /ape 

ions by a f ac to r  of 

therefore  acce lera ted  t o  energies of  t he  order of t h e  i n i t i a l  ion k i n e t i c  

energy. PARKER suggests t h i s  mechanism as a source of high energy e lec t rons .  



The growth r a t e  of these osc i l l a t ions  reaches a m a x i m u m  when 

2 2  2 and the  complex r o o t s  f o r  w may be wr i t t en  k u  = 2 w  
0 pe ’ 

w z ku (0.97 f i0.042) . 
0 

PARKER presents  a graph of t he  var ia t ion  of Im(w)/Re(w) over t he  e n t i r e  

2 range 0 S: k2u02 S: 2w . 
Pe 

XWSON (1960) inves t iga ted  the general  i n s t a b i l i t y  problem of t h e  

longi tudina l  o s c i l l a t i o n s  of a large number of cold e lec t ron  streams passing 

through a s ta t ionary  ion background. He showed t h a t  i n s t a b i l i t y  always occurs 

f o r  a f i n i t e  number of beams, but  t h a t  a continuous e lec t ron  ve loc i ty  d i s t r i -  

but ion,  regarded as the  l i m i t  of an i n f i n i t e  number of beams, i s  s t ab le .  

I n  t h e  l imi t ing  process the i n s t a b i l i t y  disappears and the  r e s u l t s  o f  

LANDAU (1946) and VAN KAMPEN (1955) a r e  recovered. 

3 .2  I n s t a b i l i t y  i n  warm streams 

I n  Section 2.3, equation (2.25) w a s  obtained as t h e  dispers ion r e l a t i o n  

f o r  w a r m  streams i n  the  absence of p a r t i c l e  co l l i s ions  and an ex terna l  

magnetic f i e l d .  We now review the e f f e c t s  of temperature on longi tudina l  

o s c i l l a t i o n s  i n  plasma streams. 

J. D. JACKSON (1960) and THMPSON (1962) give a simple example of t he  

e f f e c t  of a thermal ve loc i ty  spread on two-stream flow. Let 

2 ’  J 1 + 2 A  1 

0 
(u  + u ) 2  + A  

g(u> = w 2 2 
0 0 

p 7I 1 (u  - uo) + A  

which represents  two i d e n t i c a l  in te rpenet ra t ing  streams. 

r e l a t i o n  has the  form of equation (2.26) and has so lu t ions  

The dispers ion 



kU 2 

w = - i k n o + w  P 

Evidently three of t he  four solutions a re  damped i n  time 

unstable  i f  and only i f  

The four th  i s  

k2(Uo2 + A  2)2 < 2 wP 2 2  (Uo - no 2 ) . 
0 

Thus growth i s  only possible  if IUo I > no. 

the  range 

If IU I > no wave numbers i n  
0 

a re  unstable .  The m a x i m u m  wave number fo r  which growth i s  possible  i s  

k = w /2A0, and t h i s  i s  reached when IUo 1 = $3 no. 

t he  l a r g e s t  unstable wave number i s  k = $2 w /U 

obtained from cold stream theory. 

For IUo >> no, 
P 

a r e s u l t  which can be 
P 0’ 

The conditions under which the general  dispers ion r e l a t i o n  (2.25) may 

have growing so lu t ions  have been s tudied extensively.  

t h a t  a symmetric single-humped d i s t r ibu t ion  ??unction g(u)  i s  always s t ab le ,  

and AUER (1958) showed t h a t  any single-humped d i s t r i b u t i o n  funct ion g(u) 

i s  s t a b l e .  

BERZ (1956) proved 

J. D. JACKSON (1960) and PENROSE (1960) appl ied the  Nyquist 

c r i t e r i o n  for  the  i n s t a b i l i t y  of servomechanisms t o  the  plasma problem 

and derived some general  r e s u l t s .  

s t a b i l i t y  c r i t e r i o n :  

PENROSE formulated t h e  following 

Exponentially growing modes e x i s t  if and only if 

there  i s  a minimum of  g(u) a t  a value u = 5 such t h a t  

03 r (u  - E)-2[g(u) - g(E)]du> 0. If g(u)  has a f l a t  



minimum occupying a f i n i t e  range 5 

b i l i t y  c r i t e r i o n  becomes 

throughout t he  range 5 ,  < 5 < E*.  

< u <  5 1 2’ the  in s t a -  

(u - 5) -2 [g (u )  - g(E )ldu > 0 Lm 
The two-stream i n s t a b i l i t y  f o r  cold streams follows immediately. We 

now consider the  two-component plasma i n  which the  d i s t r i b u t i o n  funct ions 

of both components a r e  Maxwellian, such as an electron/ ion plasma o r  a two- 

component e lec t ron  gas i n  a smoothed-out posit ive-charge background. 

s t a b i l i t y  problem has been studied by J. D. JACKSON (1960)’ E. A.  JACKSON 

(1960) , PINES and SCHRIEFFER (1961) , F R I E D  and GOULD (1961), and ICHIMARU 

(1962). The dispers ion r e l a t i o n  i s  expressed by equation (2.28)  which i n  

This 

general  must be solved numerically o r  graphical ly ,  ait’nough i r i  8ofiie 

spec ia l  cases the  asymptotic expansions of t he  function Z(5 )  can be 

used. 

parameters a re  changed, d i f f e ren t  roo t s  may become unstable .  F R I E D  and 

GOULD discuss  t h i s  point  i n  d e t a i l .  

There a re  an i n f i n i t e  number of so lu t ions ,  and as the  plasma 

The dens i t i e s  of t he  two components a re  general ly  equal i n  an electron/  

i o n  plasma. Problems i n  the  f i e l d  o f  semiconductors i n  which t h i s  i s  not 

so have been discussed by PINES and SCHRIEFFER. All the  above authors 

except ICHIMARU considered the pa r t i cu la r  example of a two-component plasma 

U = 0, and showed t h a t  growing o s c i l l a t i o n s  f o r  which n = n2, T1 = T2, 

a r e  poss ib le  only i f  

2 1 

k ‘ - * -  

For s impl ic i ty  assume & p a r a l l e l  t o  U 

of & i s  obvious. 

poss ib le  reaches a maximum when 

the  modification f o r  other  d i r ec t ions  1; 

The range of  wave numbers 0 5 k 5 kt f o r  which growth i s  



and then 

For U >> A, 1 

k =  t + (3J'7 . 

E. A .  JACKSON discussed graphical methods of obtaining c r i t i c a l  d r i f t  

v e l o c i t i e s  and growth r a t e s  for T 1 # T 2 '  

t h i s  problem and gave a graph of the r e l a t ionsh ip  between the c r i t i c a l  

FRIED and GOULD a l so  invest igated 

d r i f t  ve loc i ty  for  i n s t a b i l i t y  (Ul)c and T1/T2. A s  t h e  r a t i o  T1/T2 

increases ,  (Ul)c decreases. 

ICHIMARU concentrated on a two-component e lec t ron  gas i n  a smoothed- 

out  posit ive-charge background. 

which growth i s  possible  and i n  pa r t i cu la r  t he  wave number k C for which 

growth f i rs t  becomes possible  as the dr i f t  ve loc i ty  i s  increased, 

dis t inguishing between kc = 0 and kc f 0. 

He considered the  range of wave numbers f o r  

Thermal ve loc i ty  spreads a l so  have important e f f e c t s  on t h e  i n t e r -  

ac t ion  between two neu t r a l  plasma clouds. It was pointed out i n  Section 3 .1  

t h a t  t he  in t e rac t ion  of ten occurs i n  two phases. 

Phase I and Phase I1 by NOERDLINGEB (1961). 

i n i t i a l  i n t e rac t ion  between t h e  four components and i s  dominated by 

the  e lec t rons .  

e l ec t ron  streams come t o  r e s t  a t  a temperature higher than t h e i r  i n i t i a l  

temperature, while the ions remain unperturbed. 

These have been named 

Phase I cons i s t s  of t he  

If Phase I i s  unstable it i s  assumed t h a t  the  two 

Phase I1 then cons is t s  



I -  

21 

of  t h e  in te rac t ion  between the counterstreaming ions and the s ta t ionary 

e lec t rons .  

NOERDLINGER (1960) considered Phase I f o r  the case of  two i d e n t i c a l  

Maxwellian streams and obtained r e s u l t s  which a re  i d e n t i c a l  with those 

for a two-component plasma already obtained. 

assuming 

having density n and temperature T 

w i t h  density 2n and temperature (meUo /%). 

e lec t rons  before the onset of Phase I i s  neglected during Phase 11. 

NOERDLINGER then showed t h a t  i n s t a b i l i t i e s  a r i s e  whenever the  d i s t r i b u t i o n  

function g(u) possesses a minimum, and t h a t  the  i n s t a b i l i t i e s  a re  

I n  1961 he examined Phase 11, 

t h a t  the  ion streams are  moving with v e l o c i t i e s  *Uo, each 

while t h e  e lec t ron  gas i s  s ta t ionary  

2 
i’ 

The thermal energy of t h e  

electron/ion o s c i l l a t i o n s .  It i s  

ac t ion  of one ion stream with the  

i s  

only necessary t o  consider the  i n t e r -  

e lec t rons ,  and the  i n s t a b i l i t y  condition 

A very high stream ve loc i ty  r e l a t i v e  t o  the ion thermal speed i s  therefore  

required.  

o s c i l l a t i o n s .  

NOERDLINGER a l so  discussed the  wavelengths of t h e  growing 

EK, KAHALAS, and TIDMElN (1962) examined both Phase I and Phase I1 

i n s t a b i l i t y  f o r  neut ra l  streams having d i s t r i b u t i o n  functions of t h e  form 

A s  w a s  shown i n  Section 2.2 the dispersion r e l a t i o n  f o r  these functions can 

be evaluated e x p l i c i t l y .  

for two i d e n t i c a l  co l l id ing  streams i s  

From equation (2.27) the dispers ion r e l a t i o n  
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(w 7 & - U + 3ikA ) m (w 7 & - U + 3ikAi) 

(w 7 &  U + i M e )  3 m  i (w 7 - k - U + ikni)3 st -0 

e -0 e + -  -0 

a W Fe 

On neglect  of t he  ions,  Phase I i n s t a b i l i t y  occurs provided t h a t  

Proceeding t o  Phase 11, EK -- e t  a l .  assumed a s t a t iona ry  e lec t ron  gas of 

densi ty  2n and mean thermal speedA I ,  where e 

a ' 2  = A 2 + - U  1 2  
e e 3 0 '  

M 0 

e 

where M i s  t h e  ion  molecular weight. 

If A i s  neglected, A e f 2  = $ U 2, and the  i n s t a b i l i t y  condition i s  e 0 

8 .6 -10 -~  2 > 2 . 
M 0 

The c r i t i c a l  d r i f t  ve loc i ty  required f o r  i n s t a b i l i t y  has a minimum when 

- - U . EK e t  a l .  gave extensive r e s u l t s  on growth A = U i .e . ,  ne - 

r a t e s  and unstable  wave number regions for various values of A I andAi.  

Their r e s u l t s  agree i n  general form with those of NOERDLINGER. 

2 2  
3 0  e 0' 

e 

KELLOGG and LIEMONN (1960) considered t h e  i n t e r a c t i o n  of two neu t r a l  

Maxwellian plasma clouds f o r  a range of r e l a t i v e  dens i t i e s  and temperatures. 

They i l l u s t r a t e  graphical ly  t h e  s tab le  and unstable  regions as funct ions 
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2 2 of t h e  energy ra t ios  (KTl/meUl ), (KT2/meU2 ) f o r  t he  densi ty  r a t i o s  

N1/N2 = l,lG, assuming t h a t  U = 0. I n  t h e  extreme case of one plasma 2 

a t  zero temperature, t h e  system i s  always unstable .  For extreme 

differences between t h e  two plasmas, e lectron/ ion i n s t a b i l i t i e s  may occur 

as rapidly as electron/electron i n s t a b i l i t i e s ,  and i n  such cases t h e  

separat ion of t he  in t e rac t ion  i n t o  Phase I and Phase I1 i s  inva l id .  

3.3 I n s t a b i l i t y  i n  a magnetized plasma 

The presence of an ex terna l  magnetic f i e l d  modifies t h e  i c s t a b i l i t y  r e s u l t s  

presented i n  Sections 3.1 and 3.2, and i n  some instances leads  t o  new 

e f fec t s .  The general  d5spersion r e l a t ion  f o r  longi tudina l  oseill&A.ons i s  

given by equation (2.32), where €3 i s  p a r a l l e l  t o  the z-axis and - k l i e s  i n  

t h e  x-z plane. For o s c i l l a t i o n s  p a r a l l e l  t o  B = 0 and the  dispers ion 

r e l a t i o n  reduces t o  

-0 

-0' kx 

Since t h i s  i s  i d e n t i c a l  with t h e  dispers ion r e l a t i o n  i n  the  absence of an 

ex te rna l  magnetic f i e l d ,  t he  f i e l d  has no e f f e c t  on o s c i l l a t i o n s  propagating 

p a r a l l e l  t o  it. 

SEN (1952) and HARRIS (1959a, b, 1961) have considered longi tudina l  

o s c i l l a t i o n s  with wave vector k perpendicular t o  B 

d i s t r i b u t i o n  functions of  t he  f o r m  

(kZ = 0 ) .  For the  
-0 

which represents  p a r t i c l e s  having a constant speed around t h e  magnetic 

f i e l d  l i n e s ,  t he  dispers ion r e l a t i o n  (2.36) becoxes 
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. The form o f  h(v ) does not appear. SEN determined t h a t  kxu,-i where b = 
j 1 w - J  Z 

C J  

i n  an electron/ion plasma i n  which t h e  ion  motion is  neglected, unstable  

so lu t ions  occur fo r  la rge  values of b .  

occurs f o r  b .  > 1.84. 

and HARRIS showed t h a t  i n s t a b i l i t y  
J ’  

J 

For o s c i l l a t i o n s  propagating a t  an angle t o  B (k # 0, k # 01, 
-0 ’ X z 

t h e  form of h (v  ) becomes important. HARRIS took 
z 

so  t h a t  t he  p a r t i c l e s  have no motion along the  f i e l d  l i n e s ,  and deduced 

t h a t  i n  an electron/ ion plasma f o r  which the  i o n  motion i s  neglected, 

it i s  possible  t o  f i n d  i n s t a b i l i t y  f o r  some value of (k , kZ)  provided 

t h a t  wpe > lwce I. 
condition becomes w 

X 

If the  ion  motion i s  included the  i n s t a b i l i t y  

. The f a s t e s t  growth r a t e  occurs f o r  pe ’ ‘ci 

k # 0 and k # 0. 
X Z 

When t h e  d i s t r ibu t ion  functions f possess thermal ve loc i ty  
jo 

spreads, two e f f e c t s  may arise. The f i r s t  i s  a Landau damping of 

o s c i l l a t i o n s  f o r  which kZ # 0. BERNSTEIN (1958) demonstrated t h a t  

solut ions of t he  dispers ion r e l a t i o n  f o r  a s t a t iona ry  i so t ropic  

Maxwellian plasma 

a l l  

a r e  s t ab le  but  t h a t  Landau damping occurs f o r  longi tudina l  o s c i l l a t i o n s  with 

kZ # 0. If k i s  perpendicular to  B (kZ = 0) , t h e  o s c i l l a t i o n s  a re  not 
-0 - 
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damped, but  gaps appear i n  t h e  spectrum of allowed frequencies a t  mult iples  

of t h e  gyrofrequency. 

The second possible temperature e f f e c t  i s  an i n s t a b i l i t y  caused by 

temperature anisotropy. HARRIS (1959a, b )  chose an e lec t ron  d i s t r ibu t ion  

func t ion  

neglected the  ions and showed t h a t  i n s t a b i l i t y  o n l y  occurs f o r  k # 0 ,  X 

kZ # 0. A s  an example, i f  kx = kZ, a ,  kx - - lwce 1 and a = 0, i n s t a b i l i t y  
Z - 

o c c u ~ s  if 0.3 > 1.1 !w I. HARRIS (1961) s t a t e d  t h a t  a plasma with 

d i s t r i b u t i o n  functions 

-Pe ce 

f o r  t h e  electrons and ions possesses unstable  longi tudinal  o s c i l l a t i o n s  f o r  

some value of (k  ,k ) provided tha t  w > wci .  x z  Pe 
VEDENGV and SAGDEEV (1959) and TIMCFEEV (1961) a l so  s tudied the  e f f e c t s  

of temperature anisotropy i n  electron/ion plasmas. Their ion d i s t r ibu t ion  

funct ion i s  anisotropic ,  but t he  form of t h e i r  e lec t ron  d i s t r ibu t ion  

funct ion i s  not c l ea r .  VEDENOV and SAGDEEV considered wavelengths long 

compared t o  the  ion gyroradius and obtained a longi tudina l  i n s t a b i l i t y  

f o r  kx # 0 provided t h a t  

& n  T 

B 2  

o L  h n  T~ -- O 1 > 1 +  
B 2  T 

Z 0 0 m m. 
1 2 - -  - . TIMCFEEV considered a l l  wavelengths and ob- i where a ,  = - 

- K T , '  - c(Z K T Z  

t a ined  i n s t a b i l i t i e s  whenever a > a , .  
Z - 



BERNSTEIN and KULSRUD (1960, 1961, 1962) inves t iga ted  longi tudina l  

o s c i l l a t i o n s  i n  e lectron/ ion plasmas when k 

t h a t  

# 0 under the  l i m i t a t i o n  
X 

k r < <  1 ,  
X 

where r i s  the  gyroradius of  an i o n  at the  l a rge r  of t he  ion  or  the  

e l ec t ron  mean thermal energies.  

r e l a t i o n  becomes 

Under t h i s  condition t h e  dispers ion 

where 

This dispers ion r e l a t i o n  has t h e  same s t ruc tu re  as equation (2.25)  for 

longi tudina l  o s c i l l a t i o n s  i n  t h e  absence of an ex terna l  magnetic f i e l d .  

Consequently a necessary condition f o r  i n s t a b i l i t y  i s  t h a t  

y w p j 2  Fjo(vZ) should possess a minimum. 
e 
J 

BERNSTEIN and KULSRUD took various forms fo r  t he  d i s t r i b u t i o n  

funct ions.  

colder than the  e lec t rons ,  an electron dr i f t  ve loc i ty  U 

l i n e s  causes an i n s t a b i l i t y  when 

I n  t h e i r  1960 paper it i s  shown t h a t  i f  the  ions a r e  much 

along t h e  f i e l d  e 

If the  ions a re  much w a r m e r  than the  e lec t rons ,  i n s t a b i l i t y  occurs when 

U e > ( % - / 2  Ai . 
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I n  t h e i r  1961 paper they considered a Maxwellian ion d i s t r ibu t ion  and an 

e l ec t ron  d i s t r i b u t i o n  

where foe(v) i s  Maxwellian, r i s  a constant,  g represents  an e l e c t r i c  

f i e l d  appl ied p a r a l l e l  t o  Eo  and^ cp(x) i s  a f'unction tabula ted  by 

SPITZER and I$&M (1953). 

i s  Maxwellian and t h e  ion  d i s t r ibu t ion  i s  Maxwellian with a t a i l  

modified by the  presence o f  cold neutral  molecules. 

I n  t h e i r  1962 paper the  e lec t ron  d i s t r i b u t i o n  

OZAWA e t  a l .  (1962) invest igated the general  dispers ion r e l a t i o n  f o r  

longi tudina l  o s c i l l a t i o n s  i n  a magnetized plasma and obtained a geiieral 

s t a b i l i t y  c r i t e r i o n ,  which i s  very complicated i n  cont ras t  t o  the  Penrose 

c r i t e r i o n  f o r  a nomagnetized plasma. OZAWA e t  -- al .  appl ied t h e i r  c r i t e r i o n  

t o  a Maxwellian e lec t ron  plasma having temperature anisotropy and presented 

graphs of s t ab le  and unstable  regions f o r  va r i a t ions  i n  w / !Wee I , Pe 

lwce l/qz, a, kx /Wee . The plasma i s  always s t ab le  t o  l o n g i t u d h a l  - 
o s c i l l a t i o n s  when w < 0.6 bcel. 

Pe 
BUNEMAN (1962) extended his  work on the  two-stream i n s t a b i l i t y  t o  

include an ex terna l  f i e l d .  

analyzed a nonequilibrium s i tua t ion  i n  which crossed e l e c t r i c  and magnetic 

f i e l d s  have induced an e lec t ron  d r i f t  across  the magnetic f i e l d  l i n e s  

while t h e  ions have not had time t o  respond. 

ex te rna l  e l e c t r i c  f i e l d  he derived a dispers ion r e l a t i o n  f o r  longi tudina l  

o s c i l l a t i o n s  

Using the  hydromagnetic equations,  he 

By neglect ing the  

m 1 e 

2 W 2 mi(w - k cd)2 ' 
cos2 e - - s in2  e + 

W 
2 2 

- *ce Pe 
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where 8 i s  the  angle between k and B and U i s  the  dr i f t  ve loc i ty  of t he  

ions r e l a t i v e  t o  t he  e lec t rons .  The growth r a t e  of t he  unstable solut ions 

of t h i s  equation i s  l a rge  compared t o  the  r a t e  of change of t he  ion drift  

ve loc i ty  i n  response t o  the e l e c t r i c  f i e l d ,  provided t h a t  the  magnetic 

energy of t he  plasma i s  much l e s s  than i t s  r e s t  energy. 

of an i n s t a b i l i t y  propagating a t  the l e a s t  unstable  angle t o  t h e  magnetic 

f i e l d  i s  proport ional  t o  (mi)1/3 (1 + wce2/wpe2)1/6, and a l a rge  magnetic 

f i e l d  i s  therefore  required t o  lengthen t h i s  t i m e  subs tan t ia l ly ;  fo r  l a rge  

f i e l d s  only values of 8 near 90" are a f fec ted .  The main e f f e c t  of t h e  

i n s t a b i l i t i e s  appears t o  be a re ta rda t ion  of t he  e lec t rons  r a t h e r  than an 

acce lera t ion  of t h e  ions,  i n  support of BUNEMAN'S ideas  oii i-esistiTTit>r Ln 

a c o l l i s i o n l e s s  plasma. 

-0, -d 

The e-folding time 

PARKER (1959) considered t h e  e f f e c t  of a weak ex terna l  t ransverse 

magnetic f i e l d  on the  c o l l i s i o n  of two neu t r a l  plasma clouds. 

neglected temperature e f f e c t s  and assumed t h a t  t h e  ions were not a f f ec t ed  

by t h e  magnetic f i e l d .  

i n t e rac t ion  i s  

He 

The dispersion r e l a t i o n  f o r  Phase I1 of the  

2w *w(w - ioo) 1 
pe - -  e w 2w2(u2 + k% 2, = 0 . (w2 - k 2 U z ) 2  [w2 - 2 2 m Pe 0 i w - 0  

ce 

PARKER showed t h a t  unstable  solutions e x i s t ;  t h e  most rap id  growth i n  

space occurs when 

2 2 2 w = 20 + o c e  , 
Pe 

and the  growth r a t e  i n  t i m e  i s  of t he  same order of magnitude as t h e  ion  

plasma per iod w . -1 
P i  
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3.4 Additional e f f e c t s  

I n  a l l  preceding ca lcu la t ions  we have assumed a c o l l i s i o n l e s s  homogeneous 

plasma and have performed f i r s t -o rde r  calculat ions on longi tudina l  

o s c i l l a t i o n s ,  neglecting any coupling t o  t ransverse modes. A few calcu- 

l a t i o n s  which have been made without some of these r e s t r i c t i o n s  a re  

now described. 

The e f f e c t  of c o l l i s i o n s  on plasma o s c i l l a t i o n s  may be included 

i n  t h e  hydromagnetic equations by means of a momentum exchange term, 

so t h a t  t he  equation of  conservation of momentum f o r  each species 

where v i s  
jr 

species  r. 

BUNEMAN 

o s c i l l a t i o n s  

the mean c o l l i s i o n  frequency of p a r t i c l e s  of species  j with 

(1963) used t h i s  co l l i s ion  term i n  an ana lys i s  of longi tudinal  

i n  a current-carrying p a r t i a l l y  ionized gas i n  an ex terna l  

magnetic f i e l d  when co l l i s ions  with neu t r a l  p a r t i c l e s  predominate. H i s  

r e s u l t s  a r e  discussed i n  Section 5.2.  

I n  the  Boltzmann equation 

t h e  choice of a c o l l i s i o n  term amenable t o  ana lys i s  i s  more d i f f i c u l t .  

LEWIS and KELLER (1962) and DOUGHERTY (1963) suggested 

0 

n 
= - v j  (fL - 



as a su i t ab le  f i r s t - o r d e r  term when c o l l i s i o n s  with neu t r a l  p a r t i c l e s  

predominate, and FARLEY (1963a, b)  applied t h i s  t o  the  same problem as 

B U " .  FARLEY'S work contains several  assumptions about the form of  the  

zero-order d i s t r i b u t i o n  f'unctions. H i s  r e s u l t s ,  appl ied t o  an ionospheric 

problem, a re  reviewed i n  Section 5 .2 .  

TIDMAN (1961) considered the e f f e c t  of small angle Coulomb sca t t e r ing  

on two-stream i n s t a b i l i t i e s  i n  a fully ionized gas by means of an expansion 

of Fokker-Planck c o l l i s i o n  terms i n  powers of t he  c o l l i s i o n  frequency. 

He obtained c o l l i s i o n a l  damping of the  o s c i l l a t i o n s  which competes with 

t h e  growth mechanism. 

Most plasmas occurring i n  nature a r e  expectei: t o  be camr?iform i n  

space, and the  presence of inhomogeneities may modify unstable longi- 

t ud ina l  o s c i l l a t i o n s  by causing coupling t o  t ransverse modes. Some calcu- 

l a t i o n s  have been made of t he  rad ia t ion  from s tab le  longi tudina l  o s c i l -  

l a t i o n s  produced by temperature and densi ty  gradients  and d iscont inui t ies ,  

f o r  instance by TIDMAN and WEISS (1961a), but l i t t l e  work has been done 

on r ad ia t ion  exc i ted  by unstable  o s c i l l a t i o n s .  

FRIF,MA.N and PYTTE (1961) studied longi tudina l  o s c i l l a t i o n s  i n  an 

e l ec t ron  plasma with a s l i g h t l y  inhomogeneous d i s t r i b u t i o n  funct ion.  

assumed t h a t  the  ions were f ixed  and used two approaches; t he  f i rs t  

cons is ted  of  a per turba t ion  method 

They 

from which it was shown t h a t  small departures from s p a t i a l  homogeneity may 

change t h e  s t a b i l i t y  c r i t e r i a  s l i gh t ly ;  t he  second was a W.K.B. treatment 

of a slow v a r i a t i o n  of f (x,v) i n  space from which a s t a b i l i t y  c r i t e r i o n  

w a s  obtained. 

0 

. 



KRALL and ROSENBLUTH (1962, 1963) found unstable modes f o r  a plasma 

i n  a s l i g h t l y  inhomogeneous magnetic f i e l d  g p a r a l l e l  t o  the  z-axis o f  

the form 

+ EX) 

I n  t h e  1962 paper only longi tudinal  modes were considered, but  i n  the  

1963 paper low frequency transverse modes were included. 

mode and coupled longi tudina l  modes were found t o  be unstable .  

A pure t ransverse 

HARRISON (1963) and HARRISON and STRINGER (1963) examined plasmas 

with a mean ve loc i ty  2 p a r a l l e l  t o  t he  z-axis ,  which va r i e s  i n  magnitude 

i n  the x-direct ion.  HARRISON considered the  "s l ipping" stream 

while HARRISON and STRINGER studied the  "adjacent" streams 

a 5 x <  0 

2 

1 
1111 =(9 O < x S  a 

2 U 

Conditions for s t a b i l i t y  of longi tudinal  modes were es tab l i shed ,  and thermal 

ve loc i ty  spreads were found t o  increase the s t a b i l i t y  of t he  plasmas. 

I n  the  absence of an external  magnetic f i e l d  and inhomogeneities, 

there  i s  nonlinear coupling between longi tudina l  and t ransverse waves. 

STURRCCK (1957) used a per turbat ion ana lys i s  of t h e  hydromagnetic 

equations f o r  a cold s t ab le  plasma, and TICMAN and WEISS (1961b) performed 

a similar ca lcu la t ion .  Two longi tudinal  waves both a t  a frequency 

w = w i n t e r a c t  t o  emit a transverse wave a t  a frequency 2w . STURROCK 

(1961a) 

P P 

obtained the  same r e s u l t  with a Hamiltonian ana lys i s ,  and showed 
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t h a t  t he  in t e rac t ion  of only longi tudinal  modes i s  a t  l e a s t  fourth order ,  

whereas the  in t e rac t ion  of t w o  longi tudinal  modes t o  produce a t ransverse 

mode i s  t h i r d  order.  

A s  w a s  pointed out i n  Section 2, l i n e a r  theory ind ica tes  t h e  

p o s s i b i l i t y  of growth of longi tudinal  o sc i l l a t ions ,  but  i s  i n s u f f i c i e n t  

t o  describe t h e i r  eventual development. Attempts t o  solve the  nonlinear 

equations f o r  unstable plasmas have involved numerical ana lys i s  or  quasi- 

l i n e a r  theory. 

B U "  (1959, 1961) s e t  up a numerical in tegra t ion  system including 

nonlinear terms f o r  a cold stream of e lec t rons  passing through cold 

s t a t iona ry  ions.  The plasma was t r ea t ed  as one-dimensional, and s l i g h t  

f luc tua t ions  were included t o  i n i t i a t e  o sc i l l a t ions .  The r e s u l t s  of 

ca lcu la t ions  using 256 p a r t i c l e s  of each species  ind ica te  t h a t  the  

l i n e a r  theory appl ied fo r  about three e lec t ron  plasma per iods,  a f t e r  

which nonlinear e f f e c t s  became important. After about 50 plasma per iods 

t h e  e lec t ron  d r i f t  was completely destroyed, and a t  the  end of the  

ca lcu la t ions  (86 w 

B U "  concluded t h a t  co l l ec t ive  e f f ec t s  i n  c o l l i s i o n l e s s  plasmas may 

a c t  l i k e  turbulence i n  f l u i d  dynamics, r e d i s t r i b u t i n g  energy among the  

p a r t i c l e s .  

-1 ) both electrons and ions  were i n  disorder .  
Pe 

The quas i - l inear  theory has been developed by CRUMMOND and PINES 

It (1962) and by VEDENOV (VEDENOV e t  a l .  1961, 1962; VEDENOV, 1963). 

appl ies  t o  t he  nonlinear i n t e rac t ion  between p a r t i c l e s  and waves i n  a weakly 

turbulent  plasma, t h a t  i s ,  a plasma i n  which the  energy possessed by longi-  

t ud ina l  o s c i l l a t i o n s  

than t h e  thermal equilibrium value of t he  wave energy. 

i s  much l e s s  than the  p a r t i c l e  energy but  much grea te r  

The theory i s  usefu l  
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f o r  an unstable plasma i f  t he  growth r a t e  of t he  longi tudinal  o s c i l l a t i o n s  

i s  much l e s s  than t h e i r  frequency, and it provides the new d i s t r ibu t ion  

funct ion i n  phase space produced by the  unstable osc i l l a t ions .  It does 

not include p a r t i c l e  co l l i s ions  which produce thermal equilibrium on a 

l a r g e r  time sca le .  Recently F R I W  -- e t  a l .  (1963) described the 

Bogoliubov-Krylov technique of multiple time sca les  by a p a r t i c u l a r  example 

i n  which only a s ingle  mode i s  excited,  i n  an attempt t o  develop a more 

r igorous basis f o r  the  quasi-l inear theory.  

I n  Section 3.2 it w a s  shown tha t  thermal ve loc i ty  spreads impose severe 

r e s t r i c t i o n s  on the  growth of longi tudinal  o s c i l l a t i o n s .  It has been d is -  

covered, however, t h a t  many plasmas which a re  stable t o  longi tudina l  o s c i l -  

l a t i o n s  possess unstable transverse modes and the  importance o f  these 

t ransverse i n s t a b i l i t i e s  i s  now being recognized. 

PAWSON and BERNSTEIN (1958) and HARRIS (1961) demonstrated t h a t  a 

cold stream of e lec t rons  moving along the magnetic f i e l d  through a cold 

electron/ ion plasma exc i te  transverse i n s t a b i l i t i e s .  WEIBEL (1959) , 

HARRIS (1961) , SAGDEEV and SHAFRANOV (1961) , and SUDAN (1963) found 

t ransverse i n s t a b i l i t i e s  i n  a plasma with temperature anisotropy, and 

WEIBEL proved t h a t  t he  presence of an ex terna l  magnetic f i e l d  i s  not 

e s s e n t i a l .  

These t ransverse i n s t a b i l i t i e s  have phase v e l o c i t i e s  much l e s s  than 

t h e  speed of l i g h t  i n  cont ras t  t o  fast t ransverse waves such as rad io  

waves i n  a plasma. KAHN (1962) showed t h a t  i n  any e lec t ron  plasma i n  

which t h e  d i s t r i b u t i o n  funct ion has c e n t r a l  symmetry, t ransverse ins ta -  

b i l i t i e s  e x i s t  unless  

independent of a and p , where (U,a ,p ) a r e  t h e  spherical  po lar  coordinates 

00 r U2fo(U,or ,p )dU,  and Ufo(U,a ,p )dU a re  jro- CJO 
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of - v. 

occur together  i n  a plasma, the  longi tudinal  i n s t a b i l i t i e s  have a grea te r  

amplif icat ion r a t e  and a r e  therefore more important. 

KAHN pointed out t h a t  i f  longi tudinal  and t ransverse i n s t a b i l i t i e s  

NOERDLINGER (1963) obtained a general  dispers ion r e l a t i o n  fo r  t ransverse 

waves propagating p a r a l l e l  t o  an ex terna l  magnetic f i e l d  and considered 

methods of f inding i t s  unstable  solut ions.  He appl ied h i s  r e s u l t s  t o  an 

e l ec t ron  gas with temperature anisotropy and t o  an electron/ ion gas with 

temperature anisotropy, obtaining various t ransverse i n s t a b i l i t i e s .  

B h E M A "  (1963) found transverse i n s t a b i l i t i e s  during the  in t e rac t ion  

of two i d e n t i c a l  warm neu t r a l  plasma clouds f o r  a l l  values of the  cloud 

v e l o c i t i e s  kU0, whereas, as was shown i n  Section 3 .2 ,  longi tudina l  i n s t a -  

b i l i t i e s  only e x i s t  f o r  very large values of  U . 
0 

4. The Physical Mechanisms of Growth 

It has been shown i n  previous sect ions t h a t  i n  a uniform unbounded co l l i s ion -  

l e s s  plasma long range Coulomb in te rac t ion  of t he  components may give r i s e  

t o  growing o s c i l l a t i o n s .  This may happen when a stream of p a r t i c l e s  i s  

in j ec t ed  i n t o  a plasma, when two neut ra l  plasma clouds co l l i de ,  when the  

e lec t rons  i n  a plasma possess a net d r i f t  r e l a t i v e  t o  the  ions,  o r  when 

there  i s  some other  ve loc i ty  anisotropy i n  the  plasma. 

involved i n  t h e  anisotropy i s  converted i n t o  o s c i l l a t o r y  energy and 

eventual ly  i n t o  random thermal energy. 

have been used by various authors t o  explain these e f f e c t s  a re  charge 

bunching and p a r t i c l e  t rapping.  

The k i n e t i c  energy 

The two physical  mechanisms which 

Charge bunching i s  a l i n e a r  mechanism which i s  most e f f ec t ive  i n  cold 

streams. If the  ve loc i ty  of a cold stream i s  s l i g h t l y  perturbed by an 
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o s c i l l a t o r y  e l e c t r o s t a t i c  f i e l d ,  a bunching i n  space of t he  stream p a r t i c l e s  

occurs and t h i s  amplif ies  t h e  po ten t i a l  of t he  o r i g i n a l  disturbance. 

space-charge bunching thus s e t s  up growing coherent o s c i l l a t i o n s  and 

t r a n s f e r s  the streaming energy of t he  p a r t i c l e s  t o  the  o s c i l l a t i o n s .  

ve loc i ty  spread possessed by t h e  stream reduces the coherence of t he  

osc i l la t ions ,  f o r  p a r t i c l e s  of d i f fe ren t  v e l o c i t i e s  gradually move out of 

phase and phase mixing occurs. 

c o l l e c t i v e  plasma motion and a l l  o s c i l l a t i o n s  occurring i n  the  plasma 

a r e  then damped. This i s  the  phenomenon of Landau damping, which was 

first discovered i n  a s ta t ionary ,  c o l l i s i o n l e s s  Maxwellian plasma by 

LANDAU (1946). 

w a r m  stream i s  maintained provided t h a t  t he  stream ve loc i ty  i s  somewhat 

l a r g e r  than the  mean thermal speed. 

The 

Any 

A l a rge  ve loc i ty  spread can destroy the  

I n  general ,  the  growth of longi tudina l  o s c i l l a t i o n s  i n  a 

P a r t i c l e  t rapping i s  a more conplex mechanism and has been the  

subject  of much discussion (BOHM and GROSS, 1949; OAWSON, 1961; KILDAL, 1961, 

1963). 

wave may exchange energy with the wave and become trapped i n  the  p o t e n t i a l  

w e l l s  associated with t he  wave. Those p a r t i c l e s  moving s l i g h t l y  faster 

than  t h e  

slower take energy from t h e  wave. 

growth o r  damping of o sc i l l a t ions .  

occur i n  l e s s  than one wave period, and damping or growth by t h i s  

mechanism requi res  severa l  periods t o  become ef fec t ive .  

t rapping i s  a nonlinear mechanism it i s  not responsible f o r  t h e  i n i t i a l  

growth of small amplitude longi tudinal  o s c i l l a t i o n s ,  but  it does provide 

an estimate of t h e  maximum energy exchanged between the  p a r t i c l e s  and the  

wave when t h e  l i n e a r  approximation i s  no longer v a l i d  (mWSON, 1961). 

P a r t i c l e s  moving a t  ve loc i t i e s  c lose  t o  the  phase ve loc i ty  of a 

wave give energy t o  the wave, whereas those moving s l i g h t l y  

P a r t i c l e  trapping may thus cause 

The t rapping of  a p a r t i c l e  cannot 

Since the  ac tua l  
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5. Natural Phenomena 

5 . 1  Solar  r a d i o  noise 

Solar  r ad io  noise i s  c l a s s i f i e d  into severa l  types; a recent  account of a l l  

known types has been presented by WILD & 3. (1963). Types I1 and 111, 

cons is t ing  of nonthermal rad ia t ion  i n  t h e  meter wavelength range, were 

recorded f irst  by PAYNE-SCOTT -- e t  a l .  (1947) and by WILD and McCREAEY (1950). 

Type I1 i s  character ized by bu r s t s  of noise which drift  from high t o  low 

frequencies over t he  range 200 Mc/s t o  10 Mc/s i n  about 10 minutes. 

per  cent of  the  bu r s t s  consis t  of first and second harmonics which have 

narrow bandwidths, a r e  unpolarized and o f  comparable i n t e n s i t i e s  (about 

w a t t s  m-* (cps)-’); they both exhib i t  a s m a l l  frequency s p l i t t i n g  

Eighty 

i n  85 pe r  cent of t h e  noise s ignals  recorded. 

noise designated type I11 has a drift of about 60 Mc/s per  second and a 

durat ion of about 2 seconds a t  150 Mc/s. Fundamental frequencies observed 

a t  80 Mc/s and 40 Mc/s and the  harmonic a t  160 Mc/s have r e l a t i v e  in t ens i -  

t i e s  of about 2 : l .  The higher fundamental appears t o  l a g  the  harmonic 

by some 2 seconds; t h i s  delay has been ascr ibed t o  a difference i n  t h e i r  

ray paths .  

The fast  d r i f t  rad io  

Chromospheric f l a r e s  and types I1 and I11 radio  noise appear t o  be 

assoc ia ted  phenomena and, therefore ,  a r e  considered t o  have a common 

o r ig in .  

so l a r  f l a r e s ,  while type I11 can occur i n  the  absence of flares o r  i n  

groups near the i n i t i a l  stage of  the f l a r e s .  Near v i s i b l e  sun-spot maxima 

type I1 noise occurs about once every 50 hours i n  cont ras t  t o  type I11 

which occurs a t  an average r a t e  of 3 per  hour. 

Type I1 bursts tend t o  appear i n  the  post-maximum phase o f  t he  
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A s  some 85 per  cent o f  type I1 burs t s  a r e  associated with type I11 

noise ,  they possess a d i s t i n c t  time r e l a t i o n  which suggests t h a t  bo th  can 

o r ig ina t e  from a s ingle  disturbance. Although it i s  bel ieved t h a t  both 

types I1 and I11 are  generated by plasma o s c i l l a t i o n s ,  t he  cause of the  

plasma i n s t a b i l i t y  i s  l e s s  cer ta in .  

MAXWELL and THOMPSON, 1962) kave postulated t h a t  t he  compound type bu r s t s  

a r i s e  from growing longi tudina l  plasma o s c i l l a t i o n s  which a re  exc i ted  by 

t h e  shock f r o n t  of a la rge  amplitude disturbance t r ave l ing  r a d i a l l y  outward 

through the  corona and by shock waves propagating a t  high speeds t ransverse 

t o  it. The former shock induces type I1 and the  l a t t e r  type I11 burs t s .  

The pos i t i on  and ve loc i ty  of t he  disturbance have been determined from the  

observed emission frequency and frequency d r i f t  r a t e  respec t ive ly ,  and 

some model of coronal e lec t ron  density d i s t r ibu t ion .  

i s  bel ieved t o  o r ig ina t e  a t  a height of some 5 X lo4 km above the  photo- 

sphere and t o  move outward along a coronal streamer a t  a r a d i a l  ve loc i ty  

of about 10 km/sec. 

Several  authors ( e .  g.  ROBERTS, 1959; 

The main disturbance 

3 The shock waves causing type I11 b u r s t s  move a t  

about 10’ km/sec. UCHIRA (1962) contends t h a t  types I1 and I11 rad io  

emissions may have a common rad ia t ion  mechanism but t h a t  t h e i r  corre- 

sponding longi tudina l  plasma osc i l l a t ions  possess d i f f e ren t  modes of  

exc i ta t ion .  TEThile a magnetohydrodynamic shock generates type I1 burs t s ,  

high-velocity e lec t rons  streaming outward through strata of diminishing 

e lec t ron  densi ty  i n  the  corona produce the  plasma o s c i l l a t i o n s  responsible  

f o r  type 111 bursts. 

gyromagnetic e f f e c t  analogous t o  the Zeeman e f f e c t .  

explained the  doublets of the  f i r s t  and second harmonics by t h e  same 

mechanism since they display a similar sequence. From considerat ions of 

The frequency s p l i t t i n g  of type I1 may represent  a 

STURROCK (1961b) 



t h e  dispers ion r e l a t i o n s  f o r  t h e  magneto-ionic waves he derived a frequency 

s p l i t t i n g  of t he  order of i/2(wce /wpe) ,  a separation which ind ica tes  

t h a t  a magnetic f i e l d  of 20 G i s  associated with type I1 radio  noise.  

2 

The so la r  emission w a s  e a r l i e r  a t t r i b u t e d  t o  unstable longi tudina l  

plasma o s c i l l a t i o n s  by MAIMFORS (1950) and SEN (1952), who proposed t h a t  

t h e  e lec t rons  i n  the  plasma have a ne t  gyration ve loc i ty  about t he  

s t a t i c  magnetic f i e l d .  MALMFCRS' d ispers ion r e l a t i o n  contained an 

e r r o r  pointed out by GROSS (1951), but SEN obtained the  cor rec t  dispersion 

r e l a t i o n  and showed t h a t  it possessed unstable solut ions.  He noted t h a t  the  

l i n e a r  approximation can give only qua l i t a t ive ly  s ign i f icant  r e s u l t s .  

PARKER (1958) proposed t h a t  the plasma o s c i l l a t i o n s  causing type I1 

radio  noise are generated by t h e  c o l l i s i o n  of two uniform in te rpenet ra t ing  

neu t r a l  plasma streams i n  what NOERDLINGER (1961) r e f e r s  t o  as phase I1 

of t h e  in te rac t ion .  The growth of plasma i n s t a b i l i t i e s  under these 

conditions w a s  discussed i n  Section 3, where it was shown t h a t  i f  2U 

i s  the  r e l a t i v e  ve loc i ty  of two iden t i ca l  Maxwellian streams, phase I1 

0 

i n s t a b i l i t y  w i l l  not occur unless 

K T ~  1/2 
0.011u > . 

0 

This condition i s  not l i k e l y  t o  be s a t i s f i e d  i n  t h e  sun. 

I n  summary, it appears t h a t  unstable plasma o s c i l l a t i o n s  are a 

probable source of types I1 and I11 so la r  rad io  noise bu r s t s ,  but  t h a t  

t he  plasma configuration producing them remains uncertain.  To account 

f o r  the  emission of equally intense f i r s t  and second harmonics, it i s  

necessary t o  invoke nonlinear i n  addi t ion t o  l i n e a r  mechanisms. 

STURRCCK (1961a) has discussed wave in te rac t ions .  The conversion of t he  



longi tudina l  o s c i l l a t i o n s  i n t o  rad ia t ion  may take place a t  s teep densi ty  

or temperature gradients  (TIDMAN and WEISS, 1961a), by l o c a l  space-charge 

f luc tua t ions  ac t ing  as sca t t e r ing  centers  (COHEN, 1962) or by magnetic 

f i e l d  coupling (BURKHARDT et g . ,  1961). 

t ud ina l  o s c i l l a t i o n s  t o  r ad ia t ion  has been inves t iga ted  by TIEMAN and 

Nonlinear conversion of longi- 

WEISS (196111). 

5 .2  Ionospheric i r r e g u l a r i t i e s  

The observation of ionospheric i r r e g u l a r i t i e s  by radio soundings i n  the  

1-4 Mc/s range has recent ly  been supplemented by techniques involving the  

measurement of backscat ter  of microwave r ad ia t ion  i n  the  50-150 Mc/s range. 

These radar measurements have shown t h a t  equator ia l  sporadic-E i r r e g u l a r i -  

t i e s  a t  a l t i t u d e s  of lo5 km resemble plane wave-fronts, moving a t  v e l o c i t i e s  

of about 360 m/sec with wave-normals i n  a plane normal t o  the  magnetic 

field lines and wavelengths of 1-3 meters (BOWLES e t  a l .  

The i r r e g u l a r i t i e s  a r e  s t rongly associated with the  flow o f  current  i n  

the  equator ia l  e l e c t r o j e t  (COHEN and BOWLES, 1963). 

t i e s  a r e  observed i n  t h e  aurora l  regions associated with t h e  aurora l  

e l e c t r o j e t s  (PETERSON, 1960). 

1963). 

S i m i l a r  i r r e g u l a r i -  

These observations appear t o  f i t  an explanation proposed simultane- 

ously by BUNEMAN (1963) and by FARLEY (l963a, b) based on unstable  longi- 

t ud ina l  plasma o s c i l l a t i o n s .  

FARLEY'S i s  k i n e t i c .  The analysis  follows the  l i n e s  of  Section 2 and 

deals  with per turbat ions of a plasma i n  which the  neu t r a l s  and ions are  

s ta t ionary  and the  e lec t rons  possess a ne t  d r i f t  ve loc i ty  across  the  

ex te rna l  magnetic f i e l d .  

BUNEMAN'S ana lys i s  i s  hydromagnetic while 

Col l is ions of e lec t rons  and ions with neu t r a l s  
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p lay  an important p a r t  i n  coupling the  equations. 

v << /wee  I and w << v i ,  which holds f o r  the  ionosphere a t  a l t i t u d e s  i n  

t h e  range 100-110 km. Unstable longitudinal o s c i l l a t i o n s  occur, provided 

t h a t  the e lec t ron  d r i f t  veloci ty  i s  somewhat grea te r  than t h e  ion  thermal 

speed, a somewhat surpr is ing r e s u l t  as i n  the  absence o f  c o l l i s i o n s  and a 

magnetic f i e l d ,  the e lec t ron  drift ve loc i ty  must be grea te r  than the e lec t ron  

thermal speed for  i n s t a b i l i t y  t o  occur. When the  theory i s  applied t o  t h e  

e l e c t r o j e t  problem i n  which the electron dr i f t  ve loc i ty  i s  of t h e  order of 

500 m/sec, unstable o s c i l l a t i o n s  occur having wavelengths of 1-3 meters, 

and phase v e l o c i t i e s  405-375 m/sec, propagating within a degree o r  two of 

t h e  normal t o  t h e  magnetic f i e l d .  There i s  thus good agreement between 

experiment and theory.  

The theory assumes t h a t  

e c i  

5.3 Additional observations 

The two-stream i n s t a b i l i t y  has been suggested as the cause of  a number 

of other  na tura l  events which a r e  described b r i e f l y :  

Auroral e lectrons.  PARKER (1958) suggested t h a t  the high energy 

(50-100 kev) auroral  e lectrons a r e  exci ted by Phase I1 i n s t a b i l i t y  i n  

the  c o l l i s i o n  of two neut ra l  plasma streams. The energies of t h e  

e lec t rons  observed i n  t h e  auroral  zone a r e  of the  same order of 

magnitude as the protons i n  the solar wind, and Phase I1 i n s t a b i l i t y  

provides a su i tab le  energy exchange mechanism. 

Cometary in te rac t ions .  HOYLE and HARWIT (1962) considered t h e  

possible  occurrence of the  two-stream i n s t a b i l i t y  between cometary 

p a r t i c l e s  and the  so la r  wind. They concluded t h a t  the  observed 

accelerat ion of cometary p a r t i c l e s  cannot be accounted f o r  by t h i s  
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mechanism, but t h a t  the  so l a r  proton momentum i s  t r ans fe r r ed  t o  cometary 

ions via  a pressure build-up of the t ransverse magnetic f i e l d s  imbedded 

i n  the  so l a r  wind. During periods of enhanced so lar  a c t i v i t y ,  however, 

longi tudina l  plasma o s c i l l a t i o n s  may occw and may be converted i n t o  

electromagnetic rad ia t ion .  

by earthbound equipment, but  t h i s  does not preclude i t s  existence s ince 

any emission would probably be a t  a frequency below the  ionospheric 

cu t -of f .  

Cometary rad io  noise has never been detected 

Planetary rad ia t ion .  Many theor ies  have been invoked t o  explain the  

microwave r ad ia t ion  from Venus, and one of these (SCARF, 1963) suggests 

an i n s t a b i l i t y  between the  so la r  wind and the  Cytherean ionosphere. 

Although re-evaliiations of  the  data from Venus favor a thermal source 

f o r  the r ad ia t ion  (ROBERTS, 1963), a model of so lar  wind-ionosphere 

in t e rac t ion  involving plasma i n s t a b i l i t i e s  may have some merit  f o r  

p l ane t s  possessing only weak magnetic f i e l d s .  
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